One of the most surprising things in algebraic geometry is the fact that algebraic varieties over the complex numbers benefit from a collection of metric properties which strongly influence their topological and geometric shapes. The existence of a Kähler metric leads to all sorts of Hodge theoretical restrictions on the homotopy types of algebraic varieties. On the other hand, a sparse collection of examples shows that the remaining liberty is nontrivially large. Paradoxically, with all of this information, the research field remains as wide open as it was many decades ago, because the gap between the known restrictions, and the known examples of what can occur, only seems to grow wider and wider the more closely we look at it.
that it constitutes a separate subject. 1 Taking the algebraically closed field of complexes means that we don't unwittingly leave any points out of the picture, so it seems reasonable to regard this as one possible canonical choice. Historically at least, and probably also for some philosophical reasons, investigations into the topology of complex varieties have in turn been mirrored in arithmetic algebraic geometry over other fields. A lot of what we say for complex Hodge theory could also apply to the p-adic versions.
It is a standard norm for mathematical papers, to discuss positive contributions to the collective knowledge. I would like to take advantage of the present opportunity, to focus on a zone where we have little or no knowledge, and where I have nothing new to report, in any case. I apologize therefore for the very vague nature of most of the discussion. I hope that the references 2 will give readers a place to look for whatever details are available. With our purpose stated this way, we should normally try to cover most of modern Kähler geometry. However, this would be unreasonable, because for many parts of the subject I wouldn't have anything further to say than just repeating what would be in the references. So, toning down our ambitions a little bit, we get to the description of what I really would like to talk about, which is to isolate a certain family of questions which seem important, and about which very little seems to be known: how to construct algebraic (or Kähler) varieties with interesting topological behavior.
To get going, recall that projective space is endowed with the FubiniStudy metric, a hermitian metric which has the Kähler property which we now explain in two ways. The first way is to note that if you write the matrix for the hermitian metric in terms of a local system of holomorphic coordinates, then transform the tensor product between dz i and dz j to a wedge product, you get an alternating form ω. It is well-defined independantly of the choice of coordinates. The Kähler condition is that the two-form ω is closed, i.e. it gives a symplectic structure. The second definition is to say 1 We can hope, however, that the intuition developped by workers in that field (do a recursive search on the references in [28] ) could be of help in the complex case we are discussing here. 2 In compiling the references, the online version of AMS Math Reviews was a great help in remembering, finding, organizing and writing them up (often by cut-and-paste). Readers having access to this service can greatly expand the amount of referential information available, by searching starting with the authors cited in our bibliography. A crucial recent improvement has been the inclusion of forward searching to get future papers refering to a given paper. This results in such a vast amount of information that even our rather long reference list can only be considered as a sampling.
that a metric is Kähler if at each point there exists a holomorphic system of coordinates in which the matrix for the metric is equal to the identity, up to an error term in |z| 2 (rather than just |z| as would be the case for an arbitrary choice of coordinates). The good system is called an osculating system of coordinates. This second point of view leads directly to the famous Kähler identities
where D = ∂ and D = ∂ are the (1, 0) and (0, 1)-components of the de Rham differential, and Λ is the pointwise adjoint of the operation ∧ω.
The correspondence between hermitian metrics and (1, 1)-forms is compatible with restriction to subvarieties, as is the Kähler condition dω = 0, so any smooth subvariety X ⊂ P n inherits a Kähler metric too. This extrinsic description can be modified so as to seem more intrinsic, by saying that the Kähler metric is obtained as the Chern (1, 1)-form of a positively curved metric on a line bundle L over X: in the projective case L is the pullback of the tautological bundle O P n (1) on projective space. In a philosophical sense, a Kähler metric should be thought of as corresponding to a curvature of a connection on a line bundle; this will only be precise if the cohomology class [ω] is integral. On the other hand, there may be algebraic varieties, or other more exotic things such as algebraic spaces, which don't have projective embeddings and so aren't Kähler. Nonetheless, the main intention of the theory is to investigate the properties of projective varieties. There are some significant differences between the Kähler and the projective situations [194] , but in spite of those we will often mix things up, so that questions posed for one class of varieties might well be reinterpreted for any other related class.
When a variety X has a Kähler metric ω, the Kähler identities imply that the Laplacians for d and D are proportional. This leads 3 to the Hodge decomposition for cohomology (certainly when X is compact, and some results are possible in the noncompact case too [63] [156] [183] [201] ). It gives us a first Hodge-theoretic result about the homotopy of X: if i is odd then
is even. 4 Johnson and Rees point out that this result carries over easily to the case of cohomology with coeficients in a local system with finite monodromy group [104] , and they use it to show that certain free products cannot occur. This was extended by Arapura [11] to cover certain amalgamated products, in a more elementary version of Gromov' general theorem that π 1 (X) can never be a nontrivial amalgamated product [88] .
Treating the noncompact case by compactifying, resolving singularities,
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and then using the logarithmic de Rham complex, leads to mixed Hodge structures on the cohomology in this case [63] [63] . One can arrange (by a birational transformation) to have a fibration X → P 1 whose fibers are n − 1-dimensional varieties, a finite number of them singular (that is to say more singular than the others). The topological properties of X are determined by the topological properties of the general fiber, the way its topology is transformed under the monodromy representation of π 1 (P 1 − {s 1 , . . . , s k }), and the way the singular fibers fill things in. This led to things such as Zariski's calculations of fundamental groups, as well as proofs of certain parts of the Lefschetz theorems (fuller and easier proofs being obtained using the Hodge decomposition for cohomology). Griffiths proposed to throw Hodge theory into this situation, namely to look at how the Hodge decomposition of the cohomology of the fibers varies. He discovered the fundamental Griffiths transversality relation governing the variance of the Hodge filtration, and developed much of the basic theory of variations of Hodge structure which shows how this family of Hodge structures integrates to give the Hodge structure on the total space. This left open the question of what happens near the singularities, the answers furnished by [174] [51] . Similarly, what happens when the total space, and hence the fibers, are noncompact and/or singular-in this case we obtain variations of mixed Hodge structure, and the combined situation where this degenerates leads to a mountain of linear algebra [183] [201] which very few can grasp (anyone out there?).
To wrap up this historical perspective a little faster, basically the remaining theoretical directions have been to look at Hodge theory for the full homotopy type of X. This can mean looking at the homotopy groups, which obtain mixed Hodge structures 6 [141] , idem for the pro-nilpotent completion of the fundamental group [141] [93] ; looking at representations of π 1 (X) in nonabelian groups such as GL(n), which have harmonic representatives [53] ; and combining various of these. Much of what we shall say below issues from these basic themes.
In a family of varieties, all of the Hodge-theoretic invariants give rise to variations of mixed Hodge structure over the base. This imposes restrictions on the monodromy. We have things like the invariant cycle theorem stating that a global section which is of type (p, q) at one point is also of type (p, q) at other points.
A crucial property is the formality theorem of [65] , saying that the cohomology ring of a simply connected smooth projective variety determines its rational homotopy type. This has been extended to the pro-nilpotent completion of π 1 (X) [141] [93] , to the spaces of representations [144] [81], and to relative Malcev completions at other representations in [93] . In the case of open varieties, the quadratic formality condition is replaced by a weaker but still restrictive condition of generation in low degrees [141] .
Any representation π 1 (X) → GL(n, C) with reductive Zariski closure, admits a structure of harmonic bundle [53] . These behave formally much like variations of Hodge structure except that they lack a notion of "Hodge type". The space of representations of π 1 (X) has a hyperkähler structure, [99] [78] where the other complex structures come from the interpretation as a moduli space of Higgs bundles [99] [151] [177] [78] . The cohomologies of X with coefficients in the different representations give a nicely varying family of complexes indexed by the representation space. The support loci are hyperkähler subvarieties, and even have certain rationality properties. An important distinction occurs between representations which are rigid (i.e. isolated points of the space of representations) and those which are not. Rigid representations of the fundamental group are variations of Hodge structure, and one could conjecture that they must be motivic i.e. that they should come from families of varieties (this is a special case of a slightly more general conjecture [177] (i) there must be a map from X to a Riemann surface of genus ≥ 2 [88] . We now know the Shafarevich holomorphic convexity conjecture relative to reductive representations in a linear group [111] [75] [124] . There are a number of directions of investigation running which look at cohomological invariants associated to representations, specially work of Reznikov [170] which has been applied in [117] . We are starting to get a good picture of the theory of representations of the fundamental group for quasiprojective open varieties [53] [105] [138] .
The above results lead to important classes of restrictions of the form, certain homotopy types or homotopical invariants, cannot occur for (projective) algebraic and/or Kähler varieties. In fact, it becomes possible to write down explicit large families of topological types which cannot occur, see [47] [178] [45] [110] [177] . . . . Reznikov has proven some of the deepest versions of these restrictions, including a theorem covering many cases of a conjecture due to him, and independantly Goldman and Donaldson, saying that irreducible 3-manifold groups are not Kähler groups [170] .
Intrinsic global methods appeared in the work of Calabi and Yau giving certain types of special Kähler metrics. This hooked up with a sector of the subject of interest to the physicists generating the subject of "Mirror symmetry" which can no longer be considered as just a subfield of Hodge theory or Kähler geometry. These important subjects are underrepresented in present article.
Investigations of the Hodge-theoretic properties of algebraic cycles have led very far in the direction of K-theory. In particular, this leads to the introduction of new invariants such as regulators [23] [167] [170] , behaving in a way which is related to Hodge theory via the Beilinson conjectures and Deligne cohomology.
Recent work of Voisin has underlined the difference between the Kähler and the algebraic categories. For example, the Q-polarization of the Hodge structure of an algebraic variety is a distinguishing characteristic, the existence of which can be ruled out for certain Kähler homotopy types; this leads to Kähler homotopy types whose cohomology ring cannot be the cohomology ring of an algebraic variety ( [194] (v) ). Philosophically going in the same direction is her result that the Hodge conjecture for representing cycles by Chern classes of bundles, cannot be true for arbitrary Kähler manifolds. Of course we don't know whether it is true for algebraic varieties, but Voisin's proof [194] (iv) clearly distinguishes these cases since it makes use of a Kähler variety (a complex torus) which has no rational Hodge classes in degrees 2 or 4 (in particular no hyperplane class). In view of these results, the questions of realization of homotopy types in the Kähler and projective categories are clearly distinct and can be treated as separate problems. The reader is invited to double-up our questions in this way.
It seems safe to say (if nothing else, in view of the length of the reference list which is only partial) that a relatively complete picture of the Hodgetheoretic propreties of algebraic varieties, is in the making. It would be good to understand how Lefschetz devissage works in the context of Hodge structures on homotopy, or nonabelian cohomology, see Navarro Aznar [148] for example. The theory should be extended to apply to algebraic stacks and other exotic objects. One detail for the curious, is the variance of the formality equivalence on the homotopy type given by [65] . And more globally, it seems unclear whether the full complicated version of the theory as sketched above has really been explicitly applied in many examples. Aside from these brief remarks, it is best to consult the references for a good picture of where the current development of the theory stands, and in which directions it will (or should) be developped in the near future.
--------Now we come to the main point of the present exposition, which is to try to isolate some of the important questions in the subject. It should be stressed that these are not at all new, but rather come from the folklore explicit or implicit in most of the work that has been done. Still, it seems like a good idea to look at them from an analytical viewpoint. A historical overview brings out an inescapable fact: we know a lot more about what (projective) algebraic, or Kähler, varieties don't look like, than about what they do. This is because the most subtle tool we have found yet is Hodge theory, and this is essentially geared toward additional properties, or equivalently, restrictions on the topology and/or geometry of Kähler manifolds. This type of application determines the style of numerous theorems in the subject. In some hypothetical alternative world, this might have been enough to gain a complete understanding of the subject, if we could prove so many properties that there were very few possibilities left and we would get a complete classification of what could happen. Unfortunately, or perhaps fortunately for the interest of the subject at least, this is not the case. In spite of the large and varied collection of properties given by Hodge theory, it seems nowhere close to giving any kind of classification of the topological behavior which could arise.
On the other side of the story, this situation leaves wide open the whole problem of how to construct varieties exhibiting topological behavior that is allowed by Hodge theory. Theoretical machinery is not in the fore here, although it is present insofar as it facilitates the calculation of the topological behavior of a variety which for other reasons we have at hand. Unfortunately (in all senses) on this side of things, we don't have very many deep techniques of construction.
7 I will try to discuss below the possible techniques of construction we know about. For the purposes of the present paragraph, let's just look at what might be seen as a good candidate for a "deep technique of construction": the notion of quotient of a symmetric domain by a group action. The associated variety comes out of a transcendental construction, so it is at least very indirect as a construction. However, the geographical place occupied by the varieties obtained in this way is quite infinitesimal, so in spite of a number of successful applications of this construction, we are mostly left wondering how come there isn't a way of twiddling it to cover more nearby cases. 8 To give a precise version of these statements, look at the case of surfaces: those which are uniformized by the ball have c lying between 2c 2 and 3c 2 , would have to have infinite fundamental group. I don't know whether it is reasonable to expect such a thing or not, but it does seem quite clear that it is silly to have such a wide swath where we think non-simply connected varieties should be lying, but to have a nice general construction only on the boundary of the region. This example is pretty emblematic of the whole problem of constructing interesting varieties: we have the impression that there is a huge mass of stuff out there, waiting to be constructed or seen, but we have no idea how to get there.
The construction question can take many forms, depending on what type of thing you want to construct. Among the infinite variations on this question, we can try to isolate some exemplary ones. Start with the simply connected case. In all of the questions, we will for simplicity ask for smooth projective varieties but the same question could be asked for proper smooth algebraic spaces, compact Kähler manifolds, etc.; and we stick to the com-pact smooth case again for simplicity, but more subtle questions involving mixed Hodge structures are available for the open and/or singular case.
The easiest version of the question would be the following: given n and a vector (b 0 , . . . , b 2n ) satisfying the known constraints such as b k = b 2n−k and that b 2k+1 is even, plus the constraint given by the Lefschetz decomposition, does there exist a smooth projective variety X with dim H i (X, C) = b i ? A recent investigation of the very first case b i = 0 is [200] . Take note of the obvious (and in this case pretty useless) observation that there exists an algorithm which lists all of the vectors which occur: just run through all possible varieties defined over finite extensions of Q and for each one, calculate the Betti numbers. This does not imply that there is a decision algorithm for a given vector. To get even an impractical decision algorithm we would have to get a bound on the degree and height of varieties with a given set of Betti numbers. Of course the algorithmic question doesn't really represent what we would like, which is a clean statement saying, a vector of Betti numbers occurs if and only if it satisfies a given simple constraint.
We can refine the above question by asking for the full collection of Hodge numbers h p,q . See [74] and [64] for example. In this case, it is interesting even to look at only one cohomology group: given a collection (h k,0 , . . . , h 0,k ) does there exist a variety X such that the Hodge structure on H k (X, C) has these Hodge numbers? In a sort of vague philosophical sense, Mirror symmetry says that there may be some relationship between this Hodge number question and the Betti number question in the previous paragraph.
At the very least, there is a question which intuitively suggests itself in both cases. This was the subject of a conversation with J. Kollar a long time ago. Is it possible to have big numbers on the ends of the vector, and small numbers in the middle? Or, on the other hand, is there some type of bound that says the middle Hodge (or Betti) numbers have to be bigger than the outer ones? Our intuition says that the middle numbers probably should be bigger than the outer ones, but there doesn't seem to be any result in this direction. This can be made into a very small and specific question, for example do there exist surfaces with Hodge numbers h 2,0 = a, h 1,1 = b, with a b? Or say with a arbitrarily large and b = 1 or b = 2? The same concrete question could be posed for threefolds, or more generally for the Hodge structures on H 2 or H 3 . One can weaken the requirement by looking at motives. In this case, we just mean the image of an algebraically defined correspondence. Can the image Hodge structure have Hodge numbers with a b?
In formulating the same question for Betti numbers, care must be taken with the Lefschetz decomposition, which already provides the type of bound we are looking for in a certain sense. One could ask, do there exist varieties with large primitive cohomology P i and small P j for i < j ≤ (dim X). Again here it might be convenient to distinguish odd and even cohomology.
When we see that we don't even know what to say about these reasonably simple questions, it is apparent that more complicated things such as the possible structure of the cohomology ring or just of certain fixed cup product operations, are completely open problems too. Without trying to list these questions exhaustively, we can formulate an example. If X is a 3-fold with a nontrivial vector space V := H 2 (X, Q) then the cup product gives a cubic form η ∈ (V * ) ⊗3 . What are the possibilities for the equivalence class of (V, η)? Even in the simplest case dim V = 2, the space of forms is 8-dimensional, and it is acted upon by the 4-dimensional group GL(2); where does η lie in the 4-dimensional space (or stack to be more precise) of orbits? What examples can we construct? The numerous possible generalizations of this type of question are perhaps better understood in terms of nonabelian cohomology.
The discussion wouldn't be complete without pointing out that the Hodge conjecture is an example (perhaps the first) of the construction problem. In that case, the problem is to construct subvarieties such that the cycle map gives a certain topological class. There are many different formulations, for example one can say that we want subvarieties such that the restriction of some cohomology class is nonzero. The situation for the Hodge conjecture remains much the same as the more general situation we are reflecting on here: we really don't have any good constructions of cycles. Indeed, most cases where it is known are obtained by showing that there aren't too many Hodge classes, in other words that there are sufficiently many restrictions on the classes that we don't have to look too far to get the rest. Two notable exceptions are Steenbrink's semi-regularity theorem [182] and Voisin's construction for Kummer surfaces in [194] (ii).
Another side of the story is related to our previous questions for Betti numbers. One of the simplest "standard conjectures" is algebraicity of the Kunneth projectors. But, even to construct varieties for which this question is interesting, we need ones with nontrivial Betti numbers in different degrees. It isn't even clear that we really know a very wide collection of such varieties Let's move onto the non-simply connected case, and more specifically to questions about the fundamental group. One can note that by the existence of Artin neighborhoods, the topology of quasiprojective K(π, 1)'s can be considered as the basic building block for the topology of any other varieties.
(Also a recent result of Beilinson [23] and Katzarkov, Pantev and Toen [114] refines this to a statement about schematic homotopy types.) In this sense, it is natural to pay what might at first seem to be an inordinate amount of attention to questions about the fundamental group.
The situation is pretty well summed up by the first two sentences of Reznikov's paper [170] 
(vii):
Fundamental groups of complex projective varieties are very difficult to understand. There is a tremendous gap between few computed examples and few general theorems. . . .
Reznikov is refering to what is actually a fairly diverse collection of constructions serving to give examples of fundamental groups. These range from uniformization constructions (which are also seen from other viewpoints e.g. in Deligne and Mostow [67] , Livne [132] ) to explicit constructions for example of nilpotent fundamental groups [44] [180] . See the discussion in the book of Amorós et al [7] . Nonetheless, this collection of examples leaves us with the impression that there are many examples of groups that we don't know about. It is not altogether trivial to formulate precise questions which express this feeling.
We can start with a very general one, which was inspired by Toledo's examples of varieties with non-residually finite π 1 [191] [7] . Can any finitely presented group be a subgroup of a π 1 (X) for a smooth projective variety X? Or, on the contrary, are there restrictions on which groups can occur as subgroups? As far as I know, none of the Hodge theory results that we currently have serves to rule out arbitrary subgroups. It is possible that some type of L 2 cohomology techniques, or maybe some Yang-Mills techniques such as in Ni and Ren [150] , on the (possibly infinite) coveringX → X determined by a subgroup Γ ⊂ π 1 (X), could give some restrictions. Toledo's example shows that one cannot hope for any results on this question using finite-dimensional Hodge theory.
On the construction side there is something obvious to try: given a finitely presented group Γ, it is the fundamental group of a smooth compact manifold M (say, of dimension 4). This manifold can be embedded in some R N and then approximated by a real algebraic manifold. Thus we may assume that M is a connected component of the real points of an algebraic variety X defined over R. We can further replace X by any covering whose ramification locus doesn't intersect W . We might hope in this way to get an injection π 1 (M ) → π 1 (X). I don't see any way of proving that a map of this type is injective, though.
An interesting test case (suggested by M. Larsen) would be Γ = G(n −1 Z), the group of points in an algebraic group G defined over Z, with coefficients in a finite localization n −1 Z. This group is linear, but cannot immediately be embedded in the fundamental group of a Hermitian symmetric domain quotient. One suspects that such Γ cannot itself be a Kähler group, because it would tend to have rigid representations which are not integral, which would go against the conjecture that all rigid representations are motivic. It might, on the other hand, be possible to carry out a real-points construction such as in the previous paragraph, keeping enough control over a linear representation to prove injectivity of the map.
More generally, after Toledo's example and several others in the same direction (these are nicely presented in [7] ), we can ask what type of nonresidually finite groups can occur. A folkloric observation/question 9 is that in all examples so far, there is a nontrivial linear quotient group; do there exist Kähler groups without any subgroups of finite index at all?
A question which was recalled in E. Rees' Math Review MR1396672 of the paper by Amorós [4] , as well as in [7] is whether there are groups which are fundamental groups of Kähler manifolds but not of smooth projective varieties. It might now be possible to give such an example, based on Voisin's construction [194] .
One of the main invariants of a finitely presented group is its space of representations, say into GL(n, C). It provides a way of measuring how well we can construct examples of fundamental groups. Say that a representation ρ is non-rigid if its semisimplification lies in a positive-dimensional component of the moduli space of representations (recall that the moduli space parametrizes Jordan equivalence classes of representations, which is the same as isomorphism classes of semisimple representations). The nonrigidity condition stated this way implies nonvanishing of the deformation space, but the converse is not necessarily true: there can exist representations with nontrivial deformation space but where all the deformations are obstructed so there are no truely integrable deformations (and indeed this seems to be what happens in some Teichmüller examples, see below). The known factorization results leave ample room for existence of interesting nonrigid representations. However, the only examples I know are obtained in the following way: if f : Z → X is a morphism and if, for some reason we al-ready have a nonrigid local system V over Z, then some higher direct image R i f * V will tend to be nonrigid on X. This construction has the notable property that the birational equivalence class of the irreducible component of the moduli space of representations of π 1 (X) which is constructed, is not necessarily any different from the one we started with for π 1 (Z). In other words, no new moduli spaces are constructed in this way, 10 even if old moduli spaces are reinterpreted in new ways for new varieties.
This inevitably raises the question, do we already know 11 all of the possible moduli spaces of representations? Or are there varieties having new moduli spaces not on the basic list? A first comment is that by the Lefschetz theorem restricting to a curve, any new moduli spaces are subspaces of moduli spaces of representations on a curve. This includes all of the structure, notably the hyperkähler structure [99] [78] . So one possible attack on this question would be to try to classify all hyperkähler subspaces of the moduli spaces of representations on curves. The extensive works of Verbitsky, Kaledin [193] [108] [109] are certainly relevant to any such project.
It is probably not easy to prove that two given hyperkähler varieties of the same dimension are distinct. For this part of the question, several possibilities might work: analysis of the singularities, looking at the power-series expansion of the hyperkähler structure at a special point, analysis of the structure at infinity, or calculation of the metric (e.g. curvature) properties. These things are all undoubtedly easier to do in low dimensions. This suggests that an important variant of the question would be, can we construct varieties whose space of representation has components with positive but low dimension? (Recall that the complex dimension is divisible by 2, so the first possibilities would be dimension 2 or dimension 4.) Here we have fallen back into a situation analogous to that for the geography of surfaces: there are many natural examples of rigid representations, but for the "nearby" case of representations with low-dimensional moduli we know only very few 12 . For orbicurves (which also applies to certain fibrations with multiple fibers), the situation is much better: by work of Kostov [121] and Crawley-Boevey [55] we have a good classification of the irreducible components of the moduli spaces, and in particular there exist components of all possible (even) dimensions. Small components appeared in the "toy example" in [175] .
At this juncture, note that cohomology support loci 13 provide natural hyperkähler subvarieties. One might therefore ask whether the irreducible components of support loci occur as components of moduli spaces of representations. There might be geometric constructions relating the situation of a support locus, to a nonrigid representation. For these reasons (as well as because it fits into our general construction question) it would be interesting to have constructions of varieties giving rise to nontrivial cohomology support loci. As mentionned in the previous paragraph, a variant would be to ask for support loci of small positive dimension.
This brings us to a question raised by Hain and/or Looijenga (communicated to me by R.H. but he said it was more due to E.L.). They looked the moduli of k-pointed genus g curves M g,k and looked at spaces of representations of π 1 (M g,k ) or perhaps more precisely the Teichmüller group which is the orbifold fundamental group. It is of course well-known that the standard representation is rigid. However, they found other representations (subobjects of tensor powers of the standard one) which were not infinitesimally rigid. The ones they found all had the property that there were enough obstructions that they were globally rigid even if not infinitesimally so. This then raises the question: are there any non-rigid (in our above sense) representations of π 1 (M g,k )? Or on the contrary are all representations globally rigid?
Actually if a variety X has the property that all of its representations are globally rigid, then the pro-algebraic completion of π 1 (X) has a reasonable structure (something like a product of the relative Malcev completions at the various points) and similarly the schematic homotopy type X ⊗ C as defined by Toen [189] [114] will have reasonable finiteness properties (for example the bad behavior noted at the beginning of Artin and Mazur [14] won't 12 One should consider the possibility that this phenomenon might be substantial, rather than just a consequence of our lack of suitable constructions, see [53] (ii) for example.
13 By "support loci" we mean the loci Σ i,k of local systems V such that dim C H i (X, V ) ≥ k. One could introduce variants here, such as loci where certain cup products in cohomology have a given rank. occur). This, plus the fact that the representations found so far by Hain and Looijenga turned out to be globally rigid in spite of their infinitesimal nonrigidity, leads us to conjecture that Γ = π 1 (M g,k ) doesn't have any globally non-rigid representations.
If the above questions aren't enough, one could pose similar ones for higher nonabelian cohomology [177] . The reader will readily imagine the details, so it doesn't seem necessary to stress this further here. The longrange hope is that nonabelian cohomology might help explain or organize what is going on-some hint of this can already be seen in the fact that it was natural to look at cohomology support loci.
We have been concentrating on the question of the pure topology of X. On the other hand, a great deal of research in differential geometry has looked at the classification of differential manifolds and other structures such as symplectic manifolds. A major part of this work has been to consider the place of algebraic or Kähler manifolds in the classification. Thus, what we know about the Donaldson-Seiberg-Gromov-Witten invariants of algebraic varieties, is quite comparable to what we know about them for other types of manifolds (I maintain that, as a whole, this is still not very much.) See [142] , [77] [72] [154] for example. Lönne has considered an interesting question, which is the group of diffeomorphisms of a variety and its action on cohomology. He was able to calculate this in one case using Seiberg-Witten theory [133] (see also [103] ). An important question is, to what extent will consideration of the new invariants help us for example to construct varieties with given Hodge numbers?
Another possible invariant that we could look to obtain would be intersection cohomology for singular varieties. All of the same types of questions could be posed in that context. One can also ask things like how many (and what kind of) singularities a variety can have, see [73] for example.
A general research direction, tangentially related to our present preoccupations, is the question of what happens when we go to "infinity". As became apparent with work of Wentworth and others, there are three natural directions to look at: -We can go to infinity in an open (say, quasiprojective) variety, and ask for the behavior of representations, vector bundles, cohomology classes and so forth near the divisor at infinity. -We can go to infinity in the space of representations. This leads to the whole subject of "singular perturbation theory", which is growing very diverse. There are lots of things to investigate. The question of how the harmonic metric degenerates when the representation goes to infinity was raised in [56] [58] , in particular what relationship this has with harmonic maps to buildings occuring on the boundary of the moduli space of representations. There is also the whole question of the Stokes phenomenon for the asymptotic expansion of the monodromy, which actually is probably closely related to the harmonic map question, for example spectral curves play an important role in the Stokes phenomenon [61] [102] [9] [33].
-We can look at a degenerating family of varieties, considered as a smooth family over a punctured disc, and go to infinity at the puncture. This amounts to saying that we look at varieties where certain vanishing cycles become infinitely small. The degeneration of cohomology has been extensively studied in this case. The degeneration of the space of representations has been much less studied, see however [58] and [50] for example. Some time ago, Katzarkov raised the question of whether there is an analogue of the Clemens-Schmid exact sequence for spaces of representations or other nonabelian cohomology.
The above topics suggest their own formulations of the construction question. For example, do open varieties, or degenerating varieties, exist with given topological behavior? This is a vast question, and is also related to the smoothing and branching techniques for construction even of smooth projective examples.
Perhaps the biggest research area in Kähler geometry is the study of special metrics, for example Kähler-Einstein metrics or metrics with other rigidifying curvature properties [69] [186] . This continues to motivate a large segment of the field, and we couldn't go into sufficient detail here. This subject probably has or will have important implications for the topological construction problem we are discussing, on the one hand because the existence of metrics with special curvature properties implies strong topological restrictions, and on the other hand because this type of global analysis might contain key techniques for the construction of algebraic objects. A similar question is what new information will be brought by the Ricci flow techniques of Perelman [161] : can these be used to construct Hodge cycles by a minimization process, for example? More generally, is there a way in which one can look at "almost Kähler manifolds", then define obstructions and minimization processes allowing us to determine when an "almost Kähler manifold" could be deformed to a true one?
Now it's time to look at some of the main techniques for constructing varieties. The first and most obvious is by writing down equations. It is a nontrivial task just to understand what are the topological properties of a variety which is given by its equations. The other nontrivial task is to find systems of equations which don't reduce to complete intersections, 14 a question which Landsberg has looked at in a theoretical way [123] .
The equational method becomes very subtle already in codimension two. Perhaps a fundamental example is the determination by Gruson and Peskine of the values of (d, g) for which there exist a smooth curve of degree d and genus g in P 3 (which after all is an early version of the whole construction question we are considering). They succeeded by a very careful construction noticing that you got interesting examples out of the relatively large Picard groups of cubic and singular quartic surfaces. This type of method has not been sufficiently exploited in relationship with more overtly topological questions.
The next technique, which could sometimes be considered as a variant on the equational method, is to construct varieties as branched coverings of other varieties with a given branch locus. This has led to a large and intensive study of some of the first possible cases of branch loci, for example hyperplane arrangements, or curves with a few components of low degree in the projective plane [130] [97]. Fulton's theorem that π 1 is abelian if the branch curve has only nodes [80] shows that the question is subtle, see also [86] . The branched variety construction serves as a bridge between the topology of compact smooth varieties, and the topology of the open branch locus complements. In many cases it is easier to envision calculations, for example of fundamental groups, in the open case. This program has already been carried a long way by Moishezon and Teicher [140] with Robb [171] and others.
Another variant on the equational method is looking at degeneracy loci of vector bundle maps (see Decker, Ein, Schreyer who extensively investigated this in [60] , see also [71] ). Eyssidieux's construction of some varieties as base loci of linear systems [75] could also fit in here, although it has the additional subtlety that the linear system is L 2 , taking place on an infinite covering-equivariance says that the base locus descends to a usual subvariety downstairs.
A hitherto underexplored idea is Kapovich and Millson's theorem saying 14 Although it is not even completely clear that we fully understand the topology of complete intersections together with their embeddings, specially in twisted cases such as weighted projective spaces. A few references are [122] , [131] but this is not a complete list.
that any variety can be viewed as the moduli space of a linkage [110] . It is possible that the "mechanical" properties of a linkage could show up in the topological properties of the moduli space, and in this way we might have a more natural relationship between the presentation of a variety and its topology. It seems urgent to look at this in more detail.
A generalization would be to try to construct varieties as moduli spaces of any kind of geometric object, and to hope that the topological properties of the moduli spaces would be related to the moduli problem. This is of course what happens with well-known moduli spaces. However, up to now the philosophical take on this theory has always been that the "moduli spaces" are natural objects, and we should be interested in their topological properties. A more intentional approach would say that we are interested in constructing given topological types, and we would like to pick and choose our moduli problem in order to get what we want. One place to start might be to look at moduli spaces of group representations (a point of view present in [110] ). For strange groups Γ which the researcher should carefully choose (probably not Kähler ones!), does the moduli space of representations of Γ have an interesting topological type? Other possibilities might include components of the moduli spaces of space curves [91] , or (related by [16] ) components of the Noether-Lefschetz loci [48] [155] .
Something which was mentionned previously is the existence of uniformization constructions for algebraic varieties. The simplest examples are direct construction of the quotient of a symmetric domain by a discrete group action. In recent years this has been considerably extended. Perhaps one of the first extensions was Toledo's construction of examples with non-residually finite fundamental group [191] . The idea is that certain natural subspaces of symmetric domains can fit together into interesting configurations in the quotient variety. Then other techniques such as branched covers, or in Toledo's case blowing down a negative subvariety and then taking hyperplane sections which miss the singularities, give new varieties. Lately some more complicated configurations have been considered by Allcock, Carlson and Toledo [3] . These types of constructions are good candidates; one of the major difficulties is in calculating what happens.
Another important technique is the notion of fibration, which came up under the notion of Lefschetz devissage above. Whereas one often uses fibrations to study the topology of a variety, it is also possible to try to construct varieties by explicitly constructing a fibration. The easiest example is that of Kodaira surfaces, where the fibration is automatically smooth (a construction which easily generalizes in higher dimensions too). Recall that the basic idea consists of saying that given a pointed curve we can take a covering ramified at the point. As the point moves, this gives a family of curves fibering over the original curve; the construction can be iterated in the fibers. One can write down the group automorphisms determining the monodromy, but the formulae tend to be long and not very enlightening. Things might get more tractable by putting computers to work to do the calculations. Other examples of fibration constructions include the ones of Bogomolov and Katzarkov [35] -but here again it is difficult to know what the result is. This theory of course spills over into the symplectic world via Donaldson's notion of almostLefschetz fibration. Gompf [82] , Amorós et al [6] , Reznikov [170] (ii) show that the symplectic "almost-Lefschetz" world is more flexible in an essential way, for example any fundamental group can arise. In view of these results, it doesn't seem clear what implications there are for our present construction problem.
Braid groups come into play when looking at fibrations whose fibers are punctured projective lines [140] . In this case, a family is just a moving system of points in P 1 . The de Rham version of the devissage for representations of the fundamental group is what is often known as "isomonodromic deformation", or "Painlevé equations". The isomonodromy equations or nonabelian Gauss-Manin, are equations which tell us when we have a family of representations on the fibers which fit together to give a representation of the fundamental group of the total space. So, looking for algebraic solutions of these equations could be a way of constructing quasiprojective varieties with nonrigid representations. Some solutions have been found by Boalch [33] and Hitchin [99] .
Birational transformations enter into algebraic geometry in many ways, and they constitute a way of modifying a variety which changes its topological type in a readily calculable way. These provide a tool for transforming a subvariety into a modification, for example. Also a singularity could become a topological feature after resolution. This type of construction showed up very successfully in Voisin's examples of compact Kähler varieties whose homotopy types cannot be smooth projective [194] .
One of the major potential techniques for construction of smooth projective varieties is smoothing of degenerate configurations. This was mentionned, for example, in Peters' "Math Review" [166] of U. Persson's paper [162] . This tool plays an important role in the determination of the "geography of surfaces" [163] . While not immediately trivial, the calculation of the homotopy type of the smooth nearby fiber is something which can be done reasonably well using traditional Hodge-theoretic techniques. One of the main difficulties is that not enough research has been done to establish useful criteria stating when a configuration can be smoothed. This has to be a subtle problem [165] , because all of the Hodge-theoretic restrictions on homotopy types show that you can't just smooth any configuration. Smoothings are known to exist in some special cases [90] [168] [169] [186] [188] . There is a wide choice of initial configuration, which could be a union of projective spaces or other easy pieces-in which case the combinatorics of the configuration would determine the topology of the nearby fiber; or it could on the other hand be a variety having a complicated singularity which contributes a lot of topology in the smoothing.
Whatever methods are used for constructing varieties, there is always the problem of calculating what you get. The calculation problem is rendered difficult by the fact that, not only do we need to know how to find the answer, but we need a sufficiently agile understanding of how the calculation works that we can choose the construction accordingly. Indeed, the main point of the whole "construction question" we are asking here is to be able to influence the output topological type as much as possible, by varying the input construction of the variety.
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Some recent advances in Hodge theory are likely to be key elements of this computational aspect. Notable is T. Mochizuki's work on nonabelian Hodge theory on open varieties [138] , see previously [32] [128]. We will describe in a bit more detail how this is relevant. In the short range, one of the most promising avenues for constructing things remains the consideration of complements of configurations of curves in P 2 (maybe one would blow up at singular points to obtain a normal crossings configuration). The isomonodromy equations constitute one approach to look for representations of the fundamental group of the complement. However, a more global approach would be to look for harmonic bundles over P 2 with singularities along the curves in the configuration. There are three incarnations we could use to look for these: the Dolbeault incarnation would say to look for logarithmic parabolic Higgs bundles; the de Rham incarnation, to look for parabolic bundles with logarithmic connexion; and the Betti incarnation (hitherto less explored) would be to look for "filtered local systems". T. Mochizuki's work describes the properties of harmonic bundles on open varieties and their ex-tensions to the normal crossings compactification. There is still a lot to be done here, but he has crossed the essential step of understanding the local behavior at the singularities. Thus, we can imagine that in the semi-near future we will have the full panoply of tools necessary to analyze the correspondence between the Dolbeault, de Rham and Betti points of view. In each case, there should be a Bogomolov-Gieseker inequality (for the logarithmic Dolbeault case this was mentionned to me recently by Narasimhan). It is the limit case of this inequality which gives rise to representations. The case of filtered local systems is worth highlighting. The easiest possibility would be to look at filtrations on the trivial local system. Then a filtered structure is just specification of a filtration (indexed by real weights) for each divisor in the configuration. The parabolic Chern classes would be polynomials in the weights whose coefficients are determined by the combinatorics of which divisors intersect. The Bogomolov-Gieseker inequality might well give nontrivial constraints on the possible combinatorics of the configuration; and when the limiting case of equality is attained, one would get families of harmonic bundles which, after transformations such as described in [177] (which would require the fully worked-out theory to implement), would give representations of the fundamental group on the complement. It would then become a combinatorial problem to find configurations where the limiting case of equality could be attained. We can vividly hope that T. Mochizuki's work will allow us to carry out this type of investigation.
It is really unclear what type of answer we would expect from calculations such as described in the previous paragraph. We would be looking to attain the limiting case of a Bogomolov-Gieseker type inequality, and that would seem hard to do. A lot of negative results formalizing this difficulty would lend credence to the conjecture on Teichmüller groups stated above, and would also increase the hope for some type of strong classification results about representations. Generalizing the rank two classification of [54] , it might be possible to get say a classification for rank three representations.
If there is any conclusion to be drawn, it is perhaps that even though there is no single fully satisfactory choice of a method of construction, nonetheless there are many methods which haven't been fully exhausted yet; and similarly there are so many different variants of the basic construction question, that maybe we should just spend some time trying to see what topological shapes can be constructed with the methods currently at hand. This might direct us towards the most promising construction methods, and might also lead to ideas for improving the underlying Hodge-theoretical tools of calculation.
